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ABSTRACT
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1. INTRODUCTION

In 1996, K. Iseki introduced the notion of BCK/BCI- agebras. For the general development of BCK/BCI- algebras[ 6], In
[ 2]introduced a new class of algebras related to BCI- algebras and semi groups called a BCI- semi group. In this paper we
study a new type of fuzzy sub 1S-algebra are normal sub |S-algebra, fuzzy normal sub |1S-algebra and fuzzy normal sub IS
algebra of fuzzy sub |S-algebra.

2. PRELIMINARY

We review some definitions that will be useful in our results.

Definition 2.1: A Semi group is an ordered pair (G,-) ,where G is a non-empty set and * .” is an associative binary
operation on G. [3]

Definition 2.2 A BCI- algebrais triple (G, *, 0) where G is a non-empty set “*” is binary operation on G, 0 € G is an

element such that the following axioms are satisfied for all s, t, r € G:

((s %) Hs»)) Ar %) =0,

(s #(s#) % =0,

e s¥#5=0,

s#=0andt »ss=0implies=t
If 0 »s=0for al se G then G iscaled BCK-algebra. [1]

Definition 2.3: An IS-algebra is a non-empty set with two binary operation “*” and “.” and constant O satisfying the

axioms:
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2 Sundus Najah Jahir
e (G, 0)isaBCl-agebra.
e (G, .)isaSemi group,
o s(t=r)=(st) *(sr) and (s «t).r = (sr) =(t.r), foral s, t, r € G. [6]

Example 2.4: let G={0,a,b,c} define “*” operation and multiplication “.” by the following tables:

*10|la|lbj|c Ola|b]|c
0|0|0|b|b 0/|0|0|0]|O
ajlal0|c|b aj/0ja|0]a
b|b|b|0|O0 b|0|0O|b|b
clc|b|aloO c|O0O|la|b|c

Then by routine calculations we can see that G isan | S-algebra.[6]

Definition 2.5 Let G and Y be IS-algebra a mapping f :G — Y is caled an 1S-algebra homomorphism (briefly
homomorphism ) if f(x* y)= f(x)* f(y) and f(xy) = f(x)f(y) foral x,yeG.

Let f:G— Y ISagebra homomorphism. Then the set {Xe G: f(X) =0} is called the kernel of f, and

denote by Ker f. Moreover, theset { f (X) € Y : X € G} iscalled theimage of f and denote by Im . [4]
Definition 2.6: Let A and u be the fuzzy subsets in a set G, the Cartesian product
Ax J: Gx G—>[0, 1] isdefined by(A x p)(x, y) = min{ A(X), u(y)}
foral x,ye G.[9]
Definition 2.7: Let G be anon-empty set afuzzy subset Mof G isafunctionpy : G— [0, 1]. [10]
Definition 2.8: Let M and N be a fuzzy sets on G. Define the fuzzy st mM(In as follows:
(mNn)(x) = min{ m(x),n (x)} for al X G [5]
Definition 2.9: Let Mand N be afuzzy setson G . Define the fuzzy set mUn asfollows:
(mUn)(x) = max{ m(x),n (x)} foral xe G .[5]
3. MAIN RESULTS

In this section, we find some results about fuzzy sub 1S-algebra, normal sub 1S-algebra, fuzzy norma sub IS
algebra and fuzzy normal sub | S-algebra of fuzzy sub 1S-algebra.

Definition 3.1: A fuzzy set M defined on G is called afuzzy sub |S-algebra of G if it satisfies the following conditions:

D) m(x*x)=min{m(x),mx)},
2) m(xx)>minfmx),mx)} Vx,xeG

Proposition 3.2: Let Mand N be fuzzy 1S-algebraof G. Then mNn isafuzzy 1S-algebraof G.
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On Fuzzy Sub | S-Algebras 3

Proof: Let Mand N arethe fuzzy sub IS-algebraand let X, Y € MmN then

(mNn)(xy) = min{rm(xy),n ((xy)}
> min{ min{m(x),m(y)},minh (X).n (y)}  [by hypothesis]
= min{ min{rr(x),n (x)},min{rr(y),n (y)}
= min{(mNn)(x),(mNn)(y)}.

(MAN)(x* y) = min{m(x* y),n ((x* y)}
> min{ min{m(x), m(y)},minf (x),n (y)} [by hypothesis ]
= mir{ min{m(x),n (x)},min{m(y),n (y)}
= min{(mNn)(x), (mNn)(y)}.

mM

Hence Nis afuzzy sub |S-algebra.

Proposition 3.3: Let M and N are fuzzy sub 1S-agebra of G then mUJn is a fuzzy sub IS-agebra of G if
mcn or ncm

Proof: Let Mand N arethefuzzy sub IS-algebra, and let X, Y € mUn then

(mUn )(xy) = max{ m(xy)n ()}
>max{min{m(x),m(y),minf (xn(y)}  [by hypthoses
= min{max{m(x)n ()}, max{m(y)n(y)} [men orn
= min{(mUn)(x), (mUn)(y)}:

(mUn)(x* y) = max{m(x* y),n ((x* y)}
> max{ min{m(x), (y)},minh (x),n(y)} [by hypthoses]
= min{ max{m(x),n ()}, max{m(y),n (y)} [mcn orn cni
=min{(mUn)(x),(mUn)(y)}.

Hence i U v isafuzzy sub 1S-algebra.

Proposition 3.4: Let G be a IS-algebra and let u, v, be a fuzzy sub 1S-algebra then # > v is a fuzzy sub 1S-algebra of
G xG.

Proof: Let Mand N arefuzzy IS-algebra 3 (Xl, yl),(>g, yz) € Gx G then

(mxn)((x, ¥.)-(x,¥.)) = (mxn) ((X-X,, ¥.-Y.))
=min{m(x.x),n(y...)}
> min{min{m(x), m(x)},minfi (y,).n (y.)}
= min{min{m(x),n (y,)},minfm(x,).n (y.)}
=min{(mxn)(X, y.),(mxn)(x,, y,)}
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4 Sundus Najah Jahir

(mxn)((X, ¥.)* (X, ¥.)) =(Mxn) ((X* X, Y. * .))
=min{m(x * X ).n(y,* y,)}
>min{min{m(x ), m(x,)},minfi (y,),n (y,)}
= min{min{m(x),n (y,)}, min{m(x).n (v, }
=min{(mxn)(x, .),(mxn)(x,, y,)}

Hence MXN isafuzzy sub |S-algebra.

Definition 3.5: A fuzzy sub |S-algebraJTof G is said to be normal fuzzy sub 1S-algebra if there exists X € G such that
m(x)=1.
Remark 3.6: A fuzzy sub I1S-algebra i of G is said to be normal fuzzy sub 1S-algebraif and only if u (0) = 1.
Proof:
Let u be anormal fuzzy sub |S-algebra of G then
there existsx € G such that u(x) = 1
since w(0) > u(x) VY XeG
so w(0) > 1 then u(0) = 1.
Conversdly, it is clear.
Proposition 3.7: Let u and v are normal fuzzy sub |S-algebra of G then p (1 v be anormal fuzzy sub 1S-algebra of G.
Proof:
Let i and v are normal fuzzy sub |S-algebra of G then
u N vis afuzzy sub |S-algebra of G [by Proposition (3.2)]
dAsou(0)=1landv (0)=1s0
(mNn)(0) = min{ m(0),n (0)} =1
therefore (M(N) isanormal fuzzy sub IS-algebra.
Proposition 3.8: Let mand N are normal fuzzy sub IS-algebra of G then MUN be anormal fuzzy sub 1S-algebra of G if
mcn orn < m.
Proof:

Let 4 and v are normal fuzzy sub |S-algebraof G suchthat mMcn or N < Mthen

mUv is afuzzy sub |S-algebra of G [ by Proposition (3.3)]

dsou(0)=21andv (0)=1so0
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(mUn)(0) = max{ m(0),n (0)} =1
therefore mMUJv isanormal fuzzy sub | S-algebra.

Proposition 3.9: Let i and v be anormal fuzzy sub |S-algebrathen Mmxn isanormal fuzzy sub 1S-algebra
Proof:
Let 4 and v are normal fuzzy sub |S-algebra of G then,

since i and v are fuzzy sub | S-algebra

so [by Proposition ( 3.4) ] mMxn isafuzzy sub I1S-agebra

Now,

(mxrr)(0,0) = min{mM(0),n (0)} = miK{1,1} =1

[since u, v are normal fuzzy sub 1S-algebra]

mxn

Hence isnormal fuzzy sub IS-algebra.

Definition 3.10: Let G be alS-algebra and it a fuzzy set on X . Then u isi called a fuzzy normal sub IS-algebra of G if it

satisfies the following conditions:

1) misafuzzy sub|S-algebraof G.
2) mx*y)=my*x)  VxyeG\{Q -
3 mxy)=u(»x) VxyeG.

Proposition 3.11: Let y and v are fuzzy normal sub I1S-algebraof G then M( N be a fuzzy normal sub 1S-algebra.
Proof:
Let 4 and v are fuzzy normal sub |S-algebra of G,

then M( N isafuzzy sub IS-algebraof G [by Proposition (3.2)]

Now,

(mAn)(xy) = min{m(xy),n (xy)}
=min{m(yx),n (yx)} [mn are fuzzy normal sublS- algebra] so,

=(mNn)(yx) , vV X, yeG.

(MAN)(x* y) = min{m(x* y),n (x* y)}
=min{m(y* x),n(y* x)}[mn are fuzzy normal sub IS- algebra]
=(mNn)(y* x) vV x,yeG\{0}.

therefore M( N isafuzzy normal sub I1S-algebra.
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Proposition 3.12: Let u and v are fuzzy normal sub IS-algebra of G . Then mUn be a fuzzy normal sub 1S-algebra if
mcn orncm.
Proof:

Suppose that p and v are fuzzy normal sub 1S-algebra

then p and v are fuzzy sub |1S-algebra then

mUn be afuzzy sub IS-algebra [by Proposition (3.3)]

Now,

(mUn)(xy) = max{m(xy),n (xy)}
= max{m(yx),n (yx)} [by hypothesis ]
=(mUn)(yx) VxyeG.

(mUn)(x* y) = max{m(x* y),n (x* y)}

= max{m(y* x),n (y* x)} [by hypothesis ]
=(mUn)(y*x) V x,yeG\{0}.

Hence mUnN isafuzzy norma sub IS-algebra.

Proposition 3.13: Let | and M are fuzzy normal sub |S-algebra of G then | xm is afuzzy normal sub 1S-algebra of
GxG.
Proof:

Let A and p be afuzzy normal sub |S-algebra of G and let

(X1.%2), (Y1Y2) € G x Gwhere x1,%, Yi,y2 € G 3 X= (X1,%), Y = (Ya.Y2)
then A and p be afuzzy sub |S-algebra of G so
A x yisafuzzy sub |S-algebra[by Proposition (3.4)]

now,

(I xm(xy) = (I xm)((x,x)-(¥,,¥.)
=( xm(Xy, XY.)
=mir{l (xy,),mxy,)}
=min{l (y,x),my,x)} [l ,mare fuzzy normal sublS-algebra]
= (I xm((y., ¥.)- (X, %))
= (I xm)(yx)

and so,
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On Fuzzy Sub | S-Algebras 7

let (X,X), (.,Y,) €GxG where X,X.y,y,e G\{}
suchthat x=(Xx,x),y=(Y,Y,) eGxG

(I xmx* y) = xm((x X0)* (7, V)
= (I xm(x ¥y, %% Y,)
=mingl (g * y7), My * Y}
=min{l (y;* %), m(y,*%,)} [I ,mare fuzzy normal subis-agebras |
= (1 xm)((Yy, Yo)* (X X,))
= (1 xm)(y*x)

therefore| x m isafuzzy normal sub 1S-algebra.

Proposition 3.14: Let G be alS-algebraand m, | be two fuzzy setsin G such that mx| is afuzzy sub 1S-algebra of
G x G. Then:

1) either m(x) <m(0) or | (x)<I (0) for all xeG.

2) If m(x) <m0) for all xeX theneither m(x) <1 (0) or | (X)<I (O) -

3) If | (x)<I (0) for all xe X theneither m(x) <m(0) or | (x)<m0) .

4) either Mor | isafuzzy sub IS-algebraof G .
Proposition 3.15: Let mx | be afuzzy normal sub 1S-algebraof G then either | or m isafuzzy normal sub |S-algebra

of G.

Proof:

Let mx| beafuzzy normal sub I1S-algebraof G
so Mx| beafuzzy sub IS-algebraof G
then by use Proposition (3.14), either | or M isafuzzy sub 1S-algebraof G
if | beafuzzy sub IS-agebraof G
o [by (3.14)] | (X) < m(0)
to prove | isanormal

let Xl’ X2 S X then
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I (xx)=min{m(0),I (xx)}
= (mx1)(0,xx,)
=(mx1)((0,x)-(0,x))
=(mx1)((0,x)-(0,x))

= (mx1)(0,x,x)
=min{m(0),I (x,x)}
=1 (xX)

Now, let xl,xzeG/{O}

I (x-x) =min{m(0),] (x*x,)}
=(mx1)(0,x*x)
=(mx1)((0,x)*(0,x))

=(mx1)((0,x)*(0,x)) [mx] isa fuzzynormal subiS-agebra |

=(mx1 )(0,x,* x)
=min{m(0),I (x,* x)}
=1 (x-Xx) vV x.x,eG\{Q .

Hence | isafuzzy normal sub IS-agebra.

Insimilar way. if mx | isafuzzy normal sub I1S-algebraand M isafuzzy sub |S-algebra.

We can prove that M isafuzzy normal sub IS-algebra.

Sundus Najah Jahir

Definition 3.16: Let G bealS-algebra, M and N are fuzzy sub I1S-algebraof G such that MCN then M iscalled fuzzy

normal sub |1S-algebra of fuzzy sub |S-algebrall if :

(D m(y*x)=min{m(x* y)n (y)}
(2) myx)>min{mxy)n(y)} , VxyeX.

Proposition 3.17: Let G be a 1S-algebra and let M and | be fuzzy normal sub 1S-algebra of fuzzy sub I1S-algebral .

Then m( | isafuzzy normal sub IS-algebraof N .
Proof:

Let mand | arefuzzy normal sub 1S-algebra of fuzzy sub IS-algebral .
Then m(| isafuzzy sub IS-algebra [by Proposition (3.2)]
Now, let X,y € X, since
m(y* x) 2 min{ m(x* y),n(y)} , I (y*x)=min{ | (x*y),n(y)} and

m(yx) = min{ m(xy),n (y)} , I (yx) = min{l (xy),n(y)}

therefore

Impact Factor (JCC): 6.2284
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On Fuzzy Sub | S-Algebras 9

D (mO1)(yx) = min{r(yx),I (yx)}
= min{min{m(xy),n (y)},min{l (xy).n(y)}}
=min{min{m(xy),| (xy)},min{n (y).n(y)}
=min{(mN1)(xy).n(y)}

and,

2) (MmN (y*x)=min{m(y* x),| (y*x)}
>min{min{m(x* y),n (y)},min{l (x* y)n(y)}}
= min{min{m(x* y),l (x* y)},min{n (y),n (y)}
=min{ (mNI )(x* y),n(y)}

Hence M| isafuzzy norma sub 1S-algebraof N .

Proposition 3.18: Let X be alS-algebraand let mand |  are fuzzy normal sub |S-algebra of fuzzy sub IS-algebran then
M| isafuzzy normal sub 1S-algebracf nifmc| or | < m.
Proof:

Let mand | arefuzzy normal sub 1S-algebraof fuzzy sub IS-algebran .

mUn isafuzzy sub |S-algebra[by Proposition (3.3)]
Now, let x,y e G then
D (mUI)(yx) = max{m(yx),| (yx)}
= max{min{m(xy),n(y)},min{l (xy),n(y)}}

= min{ max{m(xy),! (xy)},max{n (y).n(y)}[sincemc| or | < ni
=min{ (mU1 )(xy),n (y)}

and so,

2) (mUl )(y* x) = max{m(y* x),I (y* x)}
> max{ min{m(x* y),n (y)},min{l (x* y),n(y)}}
= min{max{m(x* y),| (x* y)},max{n(y),n(y)}[mc! or | cm|
=min{(mUl )(x* y),n(y)}

Hence m{J| isafuzzy normal sub IS-algebraof n .

Proposition 3.19: If mand | are fuzzy normal sub IS-algebra of fuzzy sub IS-algebran then mx| isafuzzy normal

sub IS-algebraof N xN .

Proof:

Let mand | arefuzzy normal sub IS-algebraof N .
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let (X1,%0), (YnY2) € G x Gsuchthat X = (X;,%2), Y= (Y1,Y2)
son,ml arefuzzy sub 1S-algebraof G,

then N XN isafuzzy sub 1S-algebra[by Proposition (3.9)]

then mx | isafuzzy sub1S-agebraof G x G [by Proposition (3.9)] .

Now, to prove mx | isafuzzy normal sub IS-algebraof N xN

(mx1)(yx) = (mx1 (Y, ¥.)(X, X))
= (mx 1 )(y.X,Y.X)
=min{m(y,x),! (y,x)}
>min{min{m(xy,),n (y,)},min{l (xy,),n(y,)}}
=min{min{m(xy,),l (xy,)},min{n(y,),n(y,)}}
=min{ (mx | )((X,x)(Y., ¥.))n xn (Y, Y,)}
=min{(mx| )(xy),n xn(y)}

and so,

(mx1)(y* X) = (mx ] )((Y,, ¥.)* (X, X))
= (mx| )(Y,* X, Y,*X)
=min{m(y,* X),I (y,* X)}
> min{min{m(x *y,),n (y,)},min{l (x,*y,),n(y,)}}
=min{min{m(x * y,),| (x,*y,)},min{n(y,),n(y,)}}
= min{ (mx1 )((X,%)* (Y., ¥.))n=xn(y, y.)}
= min{ (mx| )(x* y),n xn(y)}

Hence mx | isafuzzy normal sub |S-algebraofn xn .

Proposition 3.20: Let f :G — Y be ahomomorphism if M isanormal fuzzy sub IS-algebra of Y then mf isanormal

fuzzy sub 1S-algebra of G.

Proposition 3.21: Let f :G — Y beahomomorphismif M isafuzzy norma sub I1S-algebraof afuzzy sub 1S-algebran .

Then m' isafuzzy normal sub |S-algebraof N ! .

Proof:

Let M isafuzzy normal sub IS-algebraof N . Then

m () =mf(x)<n(f(x)=n'(x) [sincemcn].
and mf isafuzzy sub 1S-algebra[by Proposition (3.20)]
n' isafuzzy sub I S-algebra

Now, to prove m' isafuzzy normal sub |S-algebraof N ! thus
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mi (yx) = m(f (yx))
=m(f(y)f(x)
>min{m(f (X) £ (y)).n (f(y))}
=min{m(f (xy)).n"(y)}
=min{m (xy)n"(y)}

m!

m (y* x) =m(f (y* x))
=m(f(y)* f(x))
>min{rm(f(x)* f(y))n(f(y)}
=min{m(f (x*y)).n"(y)}
=min{m (x* y),n'(y)}

Hence mf isafuzzy normal sub IS-algebraof N ! .

Proposition 3.22: Let f :G — Y be epimorphism if m' isanormal fuzzy sub 1S-algebra of G then m is anormal fuzzy
sub IS-algebraof Y.

Proposition 3.23: Let f :G—Y epimorphism if mf is a fuzzy normal sub IS-algebra of I‘lf . Then M is a fuzzy

normal sub 1S-algebraof V .
Proof:
Let mf isafuzzy normal sub |S-algebraof N ! then

sincefisan epimorphismif xe Y Fae X suchthat f(a)=x

n’(x):n’(f(a)):mf (@<n f @=n(f(a)=n(x) so mMx)cn(x) VxeY .
and M isafuzzy sub |S-algebra[by Proposition (3.22)]
Now, let x,yeY JabeG suchthat f(a)=x , f(b)=y then

m(yx) = n(f (b) f (a)) = m(f (ba)) = m (ba)
>min{m (ab),n ' (b)}
=min{n(f (ab)),n(f (b))}
=min{n(f (a) f (b)) ,n(y)}
=min{m(xy),n(y)}

and so,
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m(y* x) = m(f (b)* f(a))
=m(f (b*a))
=m (b*a)
>min{m (a*b),n " (b)}
=min{m(f (a*b)),n(f (b))}
=min{m(f (a)* f (b)).,n (y)}
=min{m(x* y),n(y)}

Hence M isafuzzy normal sub 1S-algebraof N .
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