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1. INTRODUCTION

In 1996, K. Iseki introduced the notion of BCK/BCI- algebras. For the general development of BCK/BCI- algebras [ 6 ], In

[ 2 ]introduced a new class of algebras related to BCI- algebras and semi groups called a BCI- semi group. In this paper we

study a new type of fuzzy sub IS-algebra are normal sub IS-algebra, fuzzy normal sub IS-algebra and fuzzy normal sub IS-

algebra of fuzzy sub IS-algebra.

2. PRELIMINARY

We review some definitions that will be useful in our results.

Definition 2.1: A Semi group is an ordered pair ),( G ,where G is a non-empty set and “ .” is an associative binary

operation on G. [3]

Definition 2.2 A BCI- algebra is triple (G, *, 0) where G is a non-empty set “*” is binary operation on G, 0 ∈ G is an

element such that the following axioms are satisfied for all s, t, r ∈ G:

 ((s ∗t) ∗(s ∗r)) ∗(r ∗t) = 0,

 (s ∗(s ∗t) ∗t = 0,

 s ∗s = 0,

 s ∗t = 0 and t ∗s = 0 implies = t

If 0 ∗s = 0 for all s ∈ G then G is called BCK-algebra. [1]

Definition 2.3: An IS-algebra is a non-empty set with two binary operation “*” and “.” and constant 0 satisfying the

axioms:

International Journal of Applied Mathematics &
Statistical Sciences (IJAMSS);
ISSN (P): 2319–3972; ISSN (E): 2319–3980
Vol. 11, Issue 2, Jul–Dec 2022; 1–12
© IASET



2 Sundus Najah Jabir

Impact Factor (JCC): 6.2284 NAAS Rating 3.45

 (G,∗, 0) is a BCI-algebra.

 (G, .)is a Semi group,

 s.(t ∗r) = (s.t) ∗(s.r) and (s ∗t).r = (s.r) ∗(t.r), for all s, t, r  G. [6]

Example 2.4: let G={0,a,b,c} define “*” operation and multiplication “.” by the following tables:

* 0 a b c
0 0 0 b b
a a 0 c b
b b b 0 0
c c b a 0

. 0 a b c
0 0 0 0 0
a 0 a 0 a
b 0 0 b b
c 0 a b c

Then by routine calculations we can see that G is an IS-algebra.[6]

Definition 2.5: Let G and Y be IS-algebra a mapping Gf : is called an IS-algebra homomorphism (briefly

homomorphism ) if )(*)()*( yfxfyxf  and )()()( yfxfxyf  for all Gyx , .

Let Gf : IS-algebra homomorphism. Then the set }0)(:{  xfGx is called the kernel of f, and

denote by Ker f. Moreover, the set }:)({ Gxxf  is called the image of f and denote by Im f. [4]

Definition 2.6: Let λ and μ be the fuzzy subsets in a set G, the Cartesian product

λ × μ: G × G [0, 1] is defined by(λ × μ)(x, y) = min{λ(x), μ(y)}

for all x, y G . [9]

Definition 2.7: Let G be a non-empty set a fuzzy subset  of G is a function μ : G→ [0, 1]. [10]

Definition 2.8: Let  and  be a fuzzy sets on G. Define the fuzzy set   as follows:

)}(),(min{))(( xxx   for all Gx .[5]

Definition 2.9: Let  and  be a fuzzy sets on G . Define the fuzzy set   as follows:

)}(),(max{))(( xxx   for all Gx .[5]

3. MAIN RESULTS

In this section, we find some results about fuzzy sub IS-algebra, normal sub IS-algebra, fuzzy normal sub IS-

algebra and fuzzy normal sub IS-algebra of fuzzy sub IS-algebra.

Definition 3.1: A fuzzy set  defined on G is called a fuzzy sub IS-algebra of G if it satisfies the following conditions:

 
  Gxxxxxx

xxxx




212121

2121

,)(),(min)()2
,)(),(min)*()1




Proposition 3.2: Let  and  be fuzzy IS-algebra of G. Then   is a fuzzy IS-algebra of G .
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Proof: Let  and  are the fuzzy sub IS-algebra and let  yx, then

   
   

 .))((),)((min

})(),(min,)(),(min{min
[})(),(min,)(),(min{min

)}((),(min{))((
]hypothesis

yx

yyxx
byyxyx

xyxyxy
















so,

   
   

 .))((),)((min

})(),(min,)(),(min{min
]hypothesis[})(),(min,)(),(min{min

)}*((),*(min{)*)((

yx

yyxx
byyxyx

yxyxyx
















Hence   is a fuzzy sub IS-algebra.

Proposition 3.3: Let  and  are fuzzy sub IS-algebra of G then  is a fuzzy sub IS-algebra of G if

  or .

Proof: Let  and  are the fuzzy sub IS-algebra, and let  yx, then

   
   

 .))((),)((min

][})(),(max,)(),(min{max
][})(),(min,)(),(max{min

)}((),(max{))((

yx

oryyxx
hypthosesbyyxyx

xyxyxy

















so,

   
   

 .))((),)((min

][})(),(max,)(),(min{max
][})(),(min,)(),(max{min

)}*((),*(max{)*)((

yx

oryyxx
hypthosesbyyxyx

yxyxyx

















Hence ∪ ν is a fuzzy sub IS-algebra.

Proposition 3.4: Let G be a IS-algebra and let , ν, be a fuzzy sub IS-algebra then × ν is a fuzzy sub IS-algebra of

G × G.

Proof: Let  and  are fuzzy IS-algebra GGyxyx  ),(),,(
2211

then

 
  
  

 )},)((,),)((min
})(),(min,)(),(minmin
})(),(min,)(),(minmin

).(),.(min
)).,.(()()),).(,)(((

2211

2211

2121

2121

21212211

yxyx
yxyx
yyxx

yyxx
yyxxyxyx














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 
  
  

 )},)((,),)((min
})(),(min,)(),(minmin
})(),(min,)(),(minmin

)*(),*(min
))*,*(()()),(*),)(((

2211

2211

2121

2121

21212211

yxyx
yxyx
yyxx

yyxx
yyxxyxyx














Hence  is a fuzzy sub IS-algebra.

Definition 3.5: A fuzzy sub IS-algebra  of G is said to be normal fuzzy sub IS-algebra if there exists Gx such that

.1)( x

Remark 3.6: A fuzzy sub IS-algebra of G is said to be normal fuzzy sub IS-algebra if and only if (0) = 1.

Proof:

Let be a normal fuzzy sub IS-algebra of G then

there exists x ∈ G such that (x) = 1

since (0)  (x)  x ∈ G

so (0)  1 then (0) = 1.

Conversely, it is clear.

Proposition 3.7: Let and ν are normal fuzzy sub IS-algebra of G then ∩ ν be a normal fuzzy sub IS-algebra of G.

Proof:

Let and ν are normal fuzzy sub IS-algebra of G then

∩ ν is a fuzzy sub IS-algebra of G [by Proposition (3.2)]

also (0) = 1 and ν (0) = 1 so

1)}0(),0(min{)0)((   

therefore )(   is a normal fuzzy sub IS-algebra.

Proposition 3.8: Let  and  are normal fuzzy sub IS-algebra of G then   be a normal fuzzy sub IS-algebra of G if

  or   .

Proof:

Let and ν are normal fuzzy sub IS-algebra of G such that   or   then

  is a fuzzy sub IS-algebra of G [ by Proposition (3.3)]

also (0) = 1 and ν (0) = 1 so
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1)}0(),0(max{)0)((   

therefore   is a normal fuzzy sub IS-algebra.

Proposition 3.9: Let and ν be a normal fuzzy sub IS-algebra then  is a normal fuzzy sub IS-algebra.

Proof:

Let and ν are normal fuzzy sub IS-algebra of G then,

since and ν are fuzzy sub IS-algebra

so [by Proposition ( 3.4) ]  is a fuzzy sub IS-algebra

Now,

1}1,1min{)}0(),0(min{)0,0)((  

[since , ν are normal fuzzy sub IS-algebra]

Hence  is normal fuzzy sub IS-algebra.

Definition 3.10: Let G be a IS-algebra and a fuzzy set on X . Then is called a fuzzy normal sub IS-algebra of G if it

satisfies the following conditions:

.,)()()3

)2

.Gofalgebra-ISsubfuzzyais)1

}0{\,)*()*(
Gyxyxxy

Gyxxyyx






 .

Proposition 3.11: Let and ν are fuzzy normal sub IS-algebra of G then   be a fuzzy normal sub IS-algebra.

Proof:

Let and ν are fuzzy normal sub IS-algebra of G,

then   is a fuzzy sub IS-algebra of G [by Proposition (3.2)]

Now,

.,,))((

]algebra-IS,[)}(),(min{

)}(),(min{))((

Gyxyx

subnormalfuzzyareyxyx

xyxyxy














so,

.}0{\,)*)((

]algebra-IS,[)}*(),*(min{

)}*(),*(min{)*)((

Gyxxy

subnormalfuzzyarexyxy

yxyxyx














therefore   is a fuzzy normal sub IS-algebra.
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Proposition 3.12: Let and ν are fuzzy normal sub IS-algebra of G . Then   be a fuzzy normal sub IS-algebra if

  or .

Proof:

Suppose that and ν are fuzzy normal sub IS-algebra

then and ν are fuzzy sub IS-algebra then

  be a fuzzy sub IS-algebra [by Proposition (3.3)]

Now,

.,))((

)}(),(max{
)}(),(max{))((

][

Gyxyx

yxyx
xyxyxy

hypothesisby













so,

.}0{\,)*)((

)}*(),*(max{
)}*(),*(max{)*)((

][

Gyxxy

xyxy
yxyxyx

hypothesisby













Hence   is a fuzzy normal sub IS-algebra.

Proposition 3.13: Let  and  are fuzzy normal sub IS-algebra of G then   is a fuzzy normal sub IS-algebra of

GG .

Proof:

Let λ and μ be a fuzzy normal sub IS-algebra of G and let

(x1,x2), (y1,y2)  G × G where x1,x2, y1,y2  G ∋ x = (x1,x2), y = (y1,y2)

then λ and μ be a fuzzy sub IS-algebra of G so

λ × μ is a fuzzy sub IS-algebra [by Proposition (3.4)]

now,

))((
)),(),)(((

][)}(),(min{
)}(),(min{

),)((
)),(),)((())((

2121

2211

2211

2211

2121

algebra-IS,

yx
xxyy

xyxy
yxyx

yxyx
yyxxxy

subnormalfuzzyare





















and so,
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GGyyyxxxthatsuch
GyyxxwhereGGyyxxlet




),(,),(
}0{\,,),(),,(

2121

21
,

212121

)*)((

))2,1(*)2,1)(((

],[)}2*2(),1*1(min{

)}2*2(),1*1(min{

)2*2,1*1)((

))2,1(*)2,1)((()*)((

algebra-IS

xy

xxyy

ssubnormalfuzzyarexyxy

yxyx

yxyx

yyxxyx

























therefore   is a fuzzy normal sub IS-algebra.

Proposition 3.14: Let G be a IS-algebra and  ,  be two fuzzy sets in G such that   is a fuzzy sub IS-algebra of

G × G . Then:

1) either Gxallforxorx  )0()()0()(  .

2) If )0()(  x xallfor then either )0()()0()(   xorx .

3) If )0()(  x xallfor then either )0()()0()(   xorx .

4) either  or  is a fuzzy sub IS-algebra of G .

Proposition 3.15: Let   be a fuzzy normal sub IS-algebra of G then either  or  is a fuzzy normal sub IS-algebra

of G .

Proof:

Let   be a fuzzy normal sub IS-algebra of G

so   be a fuzzy sub IS-algebra of G

then by use Proposition (3.14), either  or  is a fuzzy sub IS-algebra of G

if  be a fuzzy sub IS-algebra of G

so [by (3.14)] )0()(  x

to prove  is a normal

let 21, xx then
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)(
})(),0(min{

),0)((
)),0(),0)(((
)),0(),0)(((

),0)((
})(),0(min{)(

12

12

12
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21

21

2121

xx
xx

xx
xx
xx

xx
xxxx





















Now, let }0/{,
21

Gxx 

.}0{\)(
})*(),0(min{

)*,0)((
][)),0(*),0)(((

)),0(*),0)(((
)*,0)((

})*(),0(min{)(

2
,

11
*

2

12

12

12

21

21

212
*

1

algebra-IS

Gxxxx
xx

xx
subnormalfuzzyaisxx

xx
xx

xxxx






















Hence  is a fuzzy normal sub IS-algebra.

In similar way. if   is a fuzzy normal sub IS-algebra and  is a fuzzy sub IS-algebra.

We can prove that  is a fuzzy normal sub IS-algebra.

Definition 3.16: Let G be a IS-algebra,  and  are fuzzy sub IS-algebra of G such that   then  is called fuzzy

normal sub IS-algebra of fuzzy sub IS-algebra if :

.,,)}(),(min{)()2(

)}(),*(min{)*()1(




yxyxyyx

yyxxy




Proposition 3.17: Let G be a IS-algebra and let  and  be fuzzy normal sub IS-algebra of fuzzy sub IS-algebra .

Then   is a fuzzy normal sub IS-algebra of  .

Proof:

Let  and  are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra .

Then   is a fuzzy sub IS-algebra [by Proposition (3.2)]

Now, let yx, , since

)}(),*(min{)*(,)}(),*(min{)*( yyxxyyyxxy   and

)}(),(min{)(,)}(),(min{)( yxyyxyxyyx  

therefore
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)}(),)(min{(
)}(),(min{)},(),(min{min{
)}}(),(min{)},(),(min{min{

)}(),(min{))(()1

yxy
yyxyxy
yxyyxy

yxyxyx
















and,

)}(),*)(min{(
)}(),(min{)},*(),*(min{min{
)}}(),*(min{)},(),*(min{min{

)}*(),*(min{)*()()2

yyx
yyyxyx
yyxyyx

xyxyxy
















Hence   is a fuzzy normal sub IS-algebra of  .

Proposition 3.18: Let X be a IS-algebra and let  and  are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra  then

  is a fuzzy normal sub IS-algebra of  if   or   .

Proof:

Let  and  are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra .

  is a fuzzy sub IS-algebra[by Proposition (3.3)]

Now, let Gyx , then

)}(),)(min{(

])}[sin(),(max{)},(),(min{max{

)}}(),(min{)},(),(max{min{

)}(),(max{))(()1

yxy

orceyyxyxy

yxyyxy

yxyxyx

















and so,

)}(),*)(min{(

][)}(),(max{)},*(),*(min{max{

)}}(),*(min{)},(),*(max{min{

)}*(),*(max{)*)(()2

yyx

oryyyxyx

yyxyyx

xyxyxy

















Hence   is a fuzzy normal sub IS-algebra of  .

Proposition 3.19: If  and  are fuzzy normal sub IS-algebra of fuzzy sub IS-algebra  then   is a fuzzy normal

sub IS-algebra of   .

Proof:

Let  and  are fuzzy normal sub IS-algebra of  .



10 Sundus Najah Jabir

Impact Factor (JCC): 6.2284 NAAS Rating 3.45

let (x1,x2), (y1,y2)  G × G such that x = (x1,x2), y = (y1,y2)

so  ,, are fuzzy sub IS-algebra of G,

then   is a fuzzy sub IS-algebra [by Proposition (3.9)]

then   is a fuzzy sub IS-algebra of G × G [by Proposition (3.9)] .

Now, to prove   is a fuzzy normal sub IS-algebra of  

)}(),)(min{(
)},()),,)(,)((min{(

)}}(),(min{)},(),(min{min{
)}}(),(min{)},(),(min{min{

)}(,)(min{
),)((

)),)(,)((())((

212121

212211

222111

2211
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yyyyxx
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yyxyyx
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xxyyyx
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
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














and so,

)}(),*)(min{(
)},()),,(*),)((min{(

)}}(),(min{)},*(),*(min{min{
)}}(),*(min{)},(),*(min{min{

)}*(,)*(min{
)*,*)((

)),(*),)((()*)((

212121

212211

222111

2211

2211

2121

yyx
yyyyxx

yyyxyx
yyxyyx

xyxy
xyxy

xxyyxy




















Hence   is a fuzzy normal sub IS-algebra of   .

Proposition 3.20: Let Gf : be a homomorphism if  is a normal fuzzy sub IS-algebra of Y then
f is a normal

fuzzy sub IS-algebra of G.

Proposition 3.21: Let Gf : be a homomorphism if  is a fuzzy normal sub IS-algebra of a fuzzy sub IS-algebra .

Then
f is a fuzzy normal sub IS-algebra of

f .

Proof:

Let  is a fuzzy normal sub IS-algebra of  . Then

.][sin)())(())(()(   cexxfxfx ff

and
f is a fuzzy sub IS-algebra[by Proposition (3.20)]

f is a fuzzy sub IS-algebra

Now, to prove
f is a fuzzy normal sub IS-algebra of

f thus
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)}(),(min{
)}()),((min{

))}(()),()((min{
))()((

))(()(

yxy
yxyf

yfyfxf
xfyf

yxfyx

ff

f

f














so,

)}(),*(min{
)}()),*((min{

))}(()),(*)((min{
))(*)((

))*(()*(

yyx
yyxf

yfyfxf
xfyf

xyfxy

ff

f

f














Hence
f is a fuzzy normal sub IS-algebra of

f .

Proposition 3.22: Let Gf : be epimorphism if
f is a normal fuzzy sub IS-algebra of G then  is a normal fuzzy

sub IS-algebra of Y.

Proposition 3.23: Let Gf : epimorphism if
f is a fuzzy normal sub IS-algebra of

f . Then  is a fuzzy

normal sub IS-algebra of V .

Proof:

Let
f is a fuzzy normal sub IS-algebra of

f then

since f is an epimorphism if xafthatsuchax  )(

.)()()())(()()())(()(  xxxsoxafaafafx f 

and  is a fuzzy sub IS-algebra[by Proposition (3.22)]

Now, let ybfxafthatsuchGbayx  )(,)(,, then

)}(),(min{
)}()),()((min{

))}(()),((min{
)}(),(min{

)())(())()(()(

yxy
ybfaf

bfabf
bab

babafafbfyx
ff

f
















and so,
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)}(),*(min{
)}()),(*)((min{

))}(()),*((min{
)}(),*(min{

)*(
))*((

))(*)(()*(

yyx
ybfaf

bfbaf
bba

ab
abf

afbfxy

ff

f



















Hence  is a fuzzy normal sub IS-algebra of  .
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